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ZERO CR-CURVATURE EQUATIONS
FOR LEVI DEGENERATE HYPERSURFACES
VIA POCCHIOLA’S INVARIANTS
ALEXANDER ISAEV
Abstract. In articles [I2, I3] we studied tube hypersurfaces in C3 that are
2-nondegenerate and uniformly Levi degenerate of rank 1. In particular, we
showed that the vanishing of the CR-curvature of such a hypersurface is equiv-
alent to the Monge equation with respect to one of the variables. In the
present paper we provide an alternative shorter derivation of this equation by
utilizing two invariants discovered by S. Pocchiola. We also investigate Poc-
chiola’s invariants in the rigid case and give a partial classification of rigid
2-nondegenerate uniformly Levi degenerate of rank 1 hypersurfaces with van-
ishing CR-curvature.
1. Introduction
This paper is a continuation of articles [I2, I3], and we will extensively refer the
reader to these papers in what follows. In particular, a brief review of CR-geometric
concepts is given in [I2, Section 2], and we will make use of those concepts without
further reference.
We consider connected C8-smooth real hypersurfaces in Cn with n ě 2. First, we
look at tube hypersurfaces or simply tubes, that is, locally closed real submanifolds
of the form
M “ S ` iRn,
where S is a C8-smooth locally closed hypersurface in Rn Ă Cn called the base of
M . Two tube hypersurfaces are said to be affinely equivalent if there is an affine
transformation of Cn of the form
(1.1) z ÞÑ Az ` b, A P GLnpRq, b P Cn,
mapping one hypersurface onto the other (which takes place if and only if the bases
of the tubes are affinely equivalent as submanifolds of Rn).
There has been a significant effort to study the interplay between the CR-
geometric and affine-geometric properties of tubes (see [I2, Section 1] for a bibliog-
raphy on this subject). Specifically, the following question has attracted substantial
interest:
p˚q when does (local or global) CR-equivalence of tubes imply
affine equivalence?
Up until recently, an acceptable answer to the above question has only been known
for Levi nondegenerate tube hypersurfaces that are in addition CR-flat, that is,
have identically vanishing CR-curvature (see [I1] for an exposition of the existing
theory). In an attempt to relax the Levi nondegeneracy assumption, in article
Mathematics Subject Classification: 32V05, 32V20, 35J96, 34A05, 34A26.
Keywords: CR-curvature, tube and rigid hypersurfaces, the Monge-Ampe`re equation, the
Monge equation, Pocchiola’s invariants.
2 ISAEV
[I2] we initiated an investigation of question p˚q for a class of Levi degenerate 2-
nondegenerate tube hypersurfaces while still assuming CR-flatness. As part of our
considerations, we analyzed CR-curvature for this class.
We note that CR-curvature is defined in situations when the CR-structures in
question are reducible to absolute parallelisms with values in a Lie algebra g. In-
deed, suppose we have a class C of CR-manifolds. Then the CR-structures in C are
said to reduce to g-valued absolute parallelisms if to every M P C one can assign a
fiber bundle PM ÑM and an absolute parallelism ωM on PM such that for every
p P PM the parallelism establishes an isomorphism between TppPM q and g and for
all M1,M2 P C the following holds:
(i) every CR-isomorphism f : M1 Ñ M2 can be lifted to a diffeomorphism
F : PM
1
Ñ PM
2
satisfying
(1.2) F˚ωM
2
“ ωM
1
,
and
(ii) any diffeomorphism F : PM
1
Ñ PM
2
satisfying (1.2) is a bundle isomorphism
that is a lift of a CR-isomorphism f : M1 ÑM2.
In this situation one considers the g-valued CR-curvature form
ΩM :“ dωM ´ 1
2
rωM , ωM s ,
and the CR-flatness of M is the condition of the identical vanishing of ΩM on the
bundle PM .
Reducing CR-structures to absolute parallelisms goes back to E´. Cartan who
produced reduction for all 3-dimensional Levi nondegenerate CR-hypersurfaces (see
[C]). Since then there have been many developments under the assumption of Levi
nondegeneracy (see [I2, Section 1] for references). On the other hand, reducing
Levi degenerate CR-structures has proved to be quite hard, and the first result
for a reasonably large class of Levi degenerate manifolds only appeared in 2013 in
our paper [IZ]. Specifically, we looked at the class C2,1 of connected 5-dimensional
CR-hypersurfaces that are 2-nondegenerate and uniformly Levi degenerate of rank
1 and proved that the CR-structures in C2,1 reduce to sop3, 2q-valued parallelisms.
Alternative constructions were presented in [MS], [MP], [Poc] (see also [Por], [PZ]
for reduction in higher-dimensional cases). One of the results of [IZ] is that a
manifold M P C2,1 is CR-flat (with respect to our reduction) if and only if in a
neighborhood of its every point M is CR-equivalent to an open subset of the tube
hypersurface over the future light cone in R3
M0 :“
 pz1, z2, z3q P C3 | pRe z1q2 ` pRe z2q2 ´ pRe z3q2 “ 0, Re z3 ą 0( .
Now, the main result of [I2] (see [I2, Theorem 1.1]) asserts that every CR-flat
tube hypersurface in C2,1 is affinely equivalent to an open subset of M0. This
conclusion is a complete answer to question p˚q in the situation at hand and is in
stark contrast to the Levi nondegenerate case where the CR-geometric and affine-
geometric classifications are different even in low dimensions.
The key part of our arguments in [I2] was to write the zero CR-curvature equa-
tions for tubes in the class C2,1 in convenient form (see Theorem 1.1 below). Inter-
estingly, as we showed in the follow-up paper [I3], these equations are equivalent
to a single partial differential equation, which we will now describe. Let M be a
tube hypersurface in the class C2,1. Up to affine equivalence, the base of M is given
locally by the graph of a function of two variables as in (2.1), where condition (2.5)
is satisfied. For this local representation the equation of zero CR-curvature for M
is the well-known Monge equation with respect to the first variable shown in (2.8).
Recall that the classical single-variable Monge equation admits a nice geometric
interpretation: it describes all planar conics (see, e.g., [Lan, pp. 51–52], [Las]).
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Furthermore, as explained in [I2], all solutions of (2.8) can be explicitly found as
well, and every solution yields a tube hypersurface affinely equivalent to an open
subset of M0.
Unfortunately, the calculations in [I2] that lead to equation (2.8) are quite hard
and not very transparent as they rely on the construction of [IZ], which is rather
involved. It is therefore desirable to find a more elementary way of obtaining this
equation. The first result of the present paper is an easier derivation of (2.8) by
utilizing two CR-invariants, called J and W , introduced by S. Pocchiola in [Poc]
for real hypersurfaces in C3 in the class C2,1. These invariants are given explicitly
(albeit by very lengthy formulas) in terms of a graphing function, and CR-flatness
is equivalent to their simultaneous vanishing:
(1.3)
#
J “ 0,
W “ 0.
As shown in Section 3, equation (2.8) is a relatively easy consequence of system
(1.3) in the tube case. Moreover, the calculations of Section 3 yield a short proof of
the following fact, which was initially established in [I2] by a much longer argument:
THEOREM 1.1. Let M be a tube hypersurface in C3 and assume that M P C2,1.
Fix x P M and represent M near x, up to affine equivalence, by (2.1), where the
function ρ satisfies (2.5). Then the vanishing of the CR-curvature of this local
representation is equivalent to the pair of equations
(1.4)
$’&
’%
the Monge equation w.r.t. the first variable (2.8),
BS
Bt1 “ 0,
where S is the function defined in (2.6).
We note that the content of paper [I3] was in showing that the second equation
in system (1.4) is a consequence of the first one, so (1.4) in fact reduces to a single
equation. Further, owing to Levi degeneracy, the graphing function of the base of
M satisfies the homogeneous Monge-Ampe`re equation (see (2.4)), which plays an
important role in our analysis. Hence, the problem of locally determining all CR-
flat tubes in the class C2,1 is described by the following system of partial differential
equations:
(1.5)
#
the Monge equation w.r.t. first variable (2.8),
the Monge-Ampe`re equation (2.4),
where, in addition to (2.5), the function S is required to be everywhere nonvanishing
(see (2.7)). In fact, as explained in Section 4, equation (2.8) in some coordinates
becomes the standard single-variable Monge equation (4.4), so (1.5) turns into a
remarkable system of two classical equations:#
the Monge equation (4.4),
the Monge-Ampe`re equation (2.4).
Curiously, both equations in this system happen to be named after Gaspard Monge.
Next, Section 5 concerns rigid hypersurfaces in C3, i.e., hypersurfaces defined
by equations of the form (5.1). After the tube case, this is the next situation
up in terms of complexity where the formulas for Pocchiola’s invariants J and W
still look manageable. Note, however, that the rigid case is much more compli-
cated than the tube one even in the Levi nondegenerate CR-flat setup in C2, for
which a (somewhat) explicit classification has only recently been found (see [ES]
and the earlier work [S]). For Levi degenerate rigid hypersurfaces in C3 obtaining a
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reasonable description is even harder. Nevertheless, upon introducing additional as-
sumptions, we manage to partially classify the germs of CR-flat rigid hypersurfaces
in the class C2,1 up to a certain natural equivalence, which we call rigid equivalence.
This classification is the second main result of the paper and appears in Theorem
5.5. It would be interesting to explore whether one can relax the assumptions of
the theorem while still being able to produce explicit equations. One consequence
of Theorem 5.5 is a rationality result (see Corollary 5.7). It would be rather in-
triguing to investigate whether rationality holds true regardless of the simplifying
assumptions of Theorem 5.5 (see Remark 5.8).
Acknowledgement. This work was done while the author was visiting the
Steklov Mathematical Institute in Moscow.
2. Preliminaries
Let M be any tube hypersurface in C3. For x P M , a tube neighborhood of x
in M is an open subset U of M that contains x and has the form M X pU ` iR3q,
where U is an open subset of R3. It is easy to see that for every point x PM there
exists a tube neighborhood U of x in M and an affine transformation of C3 as in
(1.1) that maps x to the origin and establishes affine equivalence between U and a
tube hypersurface of the form
(2.1)
Γρ :“ tpz1, z2, z3q : z3 ` z¯3 “ ρpz1 ` z¯1, z2 ` z¯2qu “"
pz1, z2, z3q : Re z3 “ 1
2
ρp2Re z1, 2Re z2q
*
,
where ρpt1, t2q is a smooth function defined in a neighborhood of 0 in R2 with
(2.2) ρp0q “ 0, ρ1p0q “ 0, ρ2p0q “ 0
(from this moment until the end of Section 4 subscripts 1 and 2 indicate partial
derivatives with respect to t1 and t2). In what follows, we will be mainly interested
in the germ of Γρ at the origin, so the domain of ρ will be allowed to shrink if
necessary. Equations of the form
(2.3) Re z3 “ F pRe z1,Re z2q,
where F is a smooth real-valued function on a domain in R2, are often called tube
equations. Every tube hypersurface is locally affinely equivalent to the hypersurface
defined by a tube equation.
Let nowM be uniformly Levi degenerate of rank 1. Then the Hessian matrix of ρ
has rank 1 at every point, hence ρ is a solution of the homogeneous Monge-Ampe`re
equation
(2.4) ρ11ρ22 ´ pρ12q2 “ 0,
where, by invoking affine equivalence, one can additionally assume
(2.5) ρ11 ą 0 everywhere.
Next, in [I2, Section 3] we showed that for ρ satisfying (2.4), (2.5), the hyper-
surface Γρ is 2-nondegenerate if and only if the function
(2.6) S :“
ˆ
ρ12
ρ11
˙
1
vanishes nowhere (cf. [MP, Poc]). Thus, assuming that M is 2-nondegenerate, we
have
(2.7) S ‰ 0 everywhere.
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Further, consider the equation
(2.8) 9ρpVqpρ11q2 ´ 45ρpIVqρ111ρ11 ` 40pρ111q3 “ 0,
where ρpIVq :“ B 4ρ{B t41, ρpVq :“ B 5ρ{B t51. This is the Monge equation with respect
to the first variable that appears in system (1.5). In the next section we will see
that (2.8) follows from system (1.3). Thus, the detailed form of system (1.5) is#
9ρpVqpρ11q2 ´ 45ρpIVqρ111ρ11 ` 40pρ111q3 “ 0,
ρ11ρ22 ´ pρ12q2 “ 0,
where conditions (2.5) and (2.7) are satisfied.
We now turn to Pocchiola’s invariants J and W . Explicit formulas for them in
terms of a graphing function of a hypersurface in C3 in the class C2,1 are given
in [MP, Poc]. They are quite complicated in general, but for the hypersurface Γρ
defined by (2.1) these formulas are easily seen to simplify as
(2.9)
J “ 5pS1q
2
18S2
ρ111
ρ11
` 1
3
ρ111
ρ11
ˆ
ρ111
ρ11
˙
1
´ S1
9S
pρ111q2
pρ11q2 `
20pS1q3
27S3
´ 5S1S11
6S2
`
S1
6S
ˆ
ρ111
ρ11
˙
1
´ S11
6S
ρ111
ρ11
´ 2
27
pρ111q3
pρ11q3 ´
1
6
ˆ
ρ111
ρ11
˙
11
` S111
S1
,
W “ 4S1
3S
` S1
3S3
ˆ
ρ12
ρ11
S1 ´ S2
˙
´ 1
3S2
ˆ
ρ12
ρ11
S11 ´ S12
˙
,
where all functions of the variables t1, t2 are calculated for
(2.10)
t1 “ z1 ` z¯1,
t2 “ z2 ` z¯2.
We have now collected all the facts required for obtaining equation (2.8) from
system (1.3) and, moreover, for giving a short proof of Theorem 1.1.
3. Proof of Theorem 1.1
In our proof we extensively use the fact that the function ρ satisfies the ho-
mogeneous Monge-Ampe`re equation (2.4), so we start by recalling classical facts
concerning its solutions. For details the reader is referred to paper [U].
Let us make the following change of variables near the origin:
(3.1)
v “ ρ1pt1, t2q,
w “ t2
and set
(3.2)
ppv, wq :“ ρ2pt1pv, wq, wq,
qpvq :“ t1pv, 0q.
Equation (2.4) immediately implies that p is independent of w, so we write p as a
function of the variable v alone. Furthermore, we have
(3.3) q1pvq “ 1
ρ11pt1pv, 0q, 0q .
Clearly, (2.2), (2.5), (3.1), (3.2), (3.3) yield
(3.4) pp0q “ 0, qp0q “ 0, q1 ą 0 everywhere.
In terms of p and q, the inverse of (3.1) is written as
(3.5)
t1 “ qpvq ´ w p1pvq,
t2 “ w,
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and the solution ρ in the variables v, w is given by
(3.6) ρpt1pv, wq, wq “ vqpvq ´
ż v
0
qpτqdτ ` wpppvq ´ vp1pvqq.
In particular, we see that the general smooth solution of the homogeneous Monge-
Ampe`re equation (2.4) satisfying conditions (2.2), (2.5) is parametrized by a pair
of arbitrary smooth functions satisfying (3.4).
By [MP, Poc], the condition that Γρ is CR-flat is equivalent to system (1.3),
where J and W are given by formulas (2.9). Notice that, when J and W are
equated to zero, one no longer needs to assume that substitution (2.10) takes place,
thus the right-hand sides of (2.9) in system (1.3) are regarded as functions on a
neighborhood of the origin in R2.
First, we analyze the second equation in (1.3):
Lemma 3.1. The condition W “ 0 is equivalent to the equation S1 “ 0.
Proof. From the second equation in (2.9) it follows that the condition W “ 0 is
equivalent to
(3.7) 4S2S1 ` S1
ˆ
ρ12
ρ11
S1 ´ S2
˙
´ S
ˆ
ρ12
ρ11
S11 ´ S12
˙
“ 0.
We will now rewrite (3.7) in the variables v, w introduced in (3.1).
First of all, from (3.1), (3.5) we compute
(3.8)
ρ11pt1pv, wq, wq “ 1
q1 ´ w p2 ,
ρ12pt1pv, wq, wq “ p
1
q1 ´ w p2 .
Therefore, using (3.5), for any function fpt1, t2q we see
(3.9)
ρ12pt1pv, wq, wq
ρ11pt1pv, wq, wqf1pt1pv, wq, wq ´ f2pt1pv, wq, wq “ ´
Bfpt1pv, wq, wq
Bw .
Next, from formulas (2.6), (3.1), (3.8) we obtain
(3.10)
Spt1pv, wq, wq “ p
2
q1 ´ w p2 ,
S1pt1pv, wq, wq “ p
3q1 ´ p2q2
pq1 ´ w p2q3 .
It follows from (3.9), (3.10) that (3.7) in the variables v, w becomes
6pp2q2pp3q1 ´ p2q2q
pq1 ´ w p2q5 “ 0.
By (2.7) and the first equation in (3.10) we see that p2 is nowhere zero, which shows
that (3.7) is equivalent to the identity
(3.11) p3q1 ´ p2q2 “ 0,
that is, by the second equation in (3.10), to the identity S1 “ 0. l
We will now finalize the proof of Theorem 1.1. By the first formula in (2.9) and
Lemma 3.1, we see that the first identity in system (1.3) becomes
(3.12)
1
3
ρ111
ρ11
ˆ
ρ111
ρ11
˙
1
´ 2
27
pρ111q3
pρ11q3 ´
1
6
ˆ
ρ111
ρ11
˙
11
“ 0,
and a straightforward calculation yields that (3.12) is exactly equation (2.8). l
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4. Equation (2.8) and the classical Monge equation
In this section, we briefly discuss how (2.8), which is the Monge equation with
respect to the first variable, is related to the classical single-variable Monge equa-
tion.
Let us rewrite (2.8) in coordinates v, w introduced in (3.1). From (3.1) and (3.8)
one computes
(4.1)
ρ111pt1pv, wq, wq “ ´ q
2 ´ w p3
pq1 ´ w p2q3 ,
ρpIVqpt1pv, wq, wq “ ´ 1pq1 ´ w p2q5
”
pq3 ´ w ppIVqqpq1 ´ w p2q´
3pq2 ´ w p3q2
ı
,
ρpVqpt1pv, wq, wq “ ´ 1pq1 ´ w p2q7
”´
pqpIVq ´ w ppVqqpq1 ´ w p2q´
5pq2 ´ w p3qpq3 ´ w ppIVqq
¯
pq1 ´ w p2q´
5
´
pq3 ´ w ppIVqqpq1 ´ w p2q ´ 3pq2 ´ w p3q2
¯
pq2 ´ w p3q
ı
.
Plugging expressions from (3.8), (4.1) into (2.8) and collecting coefficients at wk for
k “ 0, 1, 2, 3 in the resulting formula, we see that (2.8) is equivalent to the following
system of four ordinary differential equations:
(4.2)
$’’’’’’’’’’&
’’’’’’’’’%
9ppVqpp2q2 ´ 45ppIVqp3p2 ` 40pp3q3 “ 0,
6ppVqp2q1 ` 3pp2q2qpIVq ´ 15pppIVqp3q1 ` ppIVqp2q2 ` p3p2q3q`
40pp3q2q2 “ 0,
3ppVqpq1q2 ` 6p2qpIVqq1 ´ 15pppIVqq2q1 ` p3q3q1 ` p2q3q2q`
40p3pq2q2 “ 0,
9qpIVqpq1q2 ´ 45q3q2q1 ` 40pq2q3 “ 0.
Notice that the first entry in system (4.2) is the classical Monge equation. Also
observe that all the equations in (4.2) follow from the first one if S1 vanishes, i.e.,
if condition (3.11) is satisfied. Indeed, dividing (3.11) by pp2q2, we see that the
vanishing of S1 is equivalent to
(4.3) q1{p2 “ const,
which guarantees that each equation in (4.2) is a consequence of the first one.
In fact, the four equations in (4.2) are known to imply relation (4.3). This
surprising result was established in [I3], thus we see that system (4.2) reduces to
its first entry. In other words, (2.8) in coordinates v, w becomes the classical
single-variable Monge equation
(4.4) 9ppVqpp2q2 ´ 45ppIVqp3p2 ` 40pp3q3 “ 0.
In the next section we will consider the more complicated case of rigid hypersur-
faces and observe that it leads to a complex analogue of equation (2.8).
5. CR-curvature of rigid hypersurfaces
Consider C3 with standard coordinates pz1, z2, z3q. A rigid equation in C3 is an
equation of the form
(5.1) Re z3 “ F pz1, z1, z2, z2q,
where F is a smooth real-valued function defined on a domain in C2. Such equations
generalize tube ones as defined in (2.3). We call any hypersurface given by a rigid
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equation a rigid hypersurface. Rigid hypersurfaces have rigid CR-structures in the
sense of [BRT]. We only consider rigid hypersurfaces passing through the origin
and will be mainly interested in their germs at 0. Thus, we assume that F in (5.1)
is defined near the origin and F p0q “ 0, with the domain of F being allowed to
shrink if necessary.
Let now M be a rigid hypersurface that is uniformly Levi degenerate of rank
1. Then the complex Hessian matrix of F has rank 1 at every point, hence F is a
solution of the complex homogeneous Monge-Ampe`re equation
(5.2) F11¯F22¯ ´ |F12¯|2 “ 0
(here and below subscripts 1, 1¯, 2, 2¯ indicate partial derivatives with respect to
z1, z¯1, z2, z¯2, respectively). Clearly, we have either F11¯p0q ‰ 0 or F22¯p0q ‰ 0, so
by interchanging the variables z1, z2 and multiplying z3 by -1 if necessary, we may
additionally assume
(5.3) F11¯ ą 0 everywhere.
Note that the transformation that brings equation (5.1) to an equation of the same
form satisfying condition (5.3) establishes equivalence between the two hypersurface
germs in the sense of Definition 5.2 given below.
Set
S :“
ˆ
F12¯
F11¯
˙
1
(cf. (2.6)). The condition of 2-nondegeneracy is then expressed as the nonvanishing
of S (see [MP, Poc] and cf. [I2]). Thus, assuming that M is 2-nondegenerate, we
have
(5.4) S ‰ 0 everywhere.
We now turn to Pocchiola’s invariants J and W in the rigid case. A somewhat
lengthy but straightforward computation yields that the complicated formulas of
[MP, Poc] simplify as shown in the following proposition, which we state without
proof:
Proposition 5.1. Let M be a rigid hypersurface in the class C2,1, where the func-
tion F satisfies (5.3). Then we have
(5.5)
J “ 5pS1q
2
18S2
F111¯
F11¯
` 1
3
F111¯
F11¯
ˆ
F111¯
F11¯
˙
1
´ S1
9S
pF111¯q2
pF11¯q2
` 20pS1q
3
27S3
´ 5S1S11
6S2
`
S1
6S
ˆ
F111¯
F11¯
˙
1
´ S11
6S
F111¯
F11¯
´ 2
27
pF111¯q3
pF11¯q3
´ 1
6
ˆ
F111¯
F11¯
˙
11
` S111
S1
,
W “ 2S¯1
3S¯
` 2S1
3S
` S¯1¯
3S¯3
ˆ
F21¯
F11¯
S¯1 ´ S¯2
˙
´ 1
3S¯2
ˆ
F21¯
F11¯
S¯11¯ ´ S¯21¯
˙
.
Just as in the tube case, we are interested in classifying the germs of CR-flat
rigid hypersurfaces in C2,1. Certainly, in order to speak about a classification, one
must decide what germs are to be called equivalent. In contrast to the tubular
case, where we utilized affine equivalence, there is no widely accepted notion of
equivalence in the rigid situation, and we introduce one as follows:
Definition 5.2. Two germs of rigid hypersurfaces at 0 are called rigidly equivalent
if there exists a map of the form
(5.6) pz1, z2, z3q ÞÑ pfpz1, z2q, gpz1, z2q, az3 ` hpz1, z2qq, a P R˚,
nondegenerate at the origin, where f, g, h are functions holomorphic near 0 with
fp0q “ gp0q “ hp0q “ 0, that maps one hypersurface germ into the other.
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One should be warned that two affinely equivalent tube hypersurface germs de-
fined by tube equations are not necessarily rigidly equivalent.
Finding the germs of the graphs of all solutions of system (1.3) in the rigid case
up to rigid equivalence is apparently very hard. Below, we will only make some
initial steps towards this goal. Specifically, we will discuss solutions having the
property
(5.7) S1 “ 0, S1¯ “ 0.
Our motivation for introducing conditions (5.7) comes from the tube case, where
these conditions are equivalent to the equation W “ 0 (see Lemma 3.1). At this
stage, we do not know whether the same holds in the rigid case as well, but it is
clear from (5.5) that (5.7) implies W “ 0.
Furthermore, conditions (5.7) lead to the following simplified expression for J :
(5.8) J “ 1
3
F111¯
F11¯
ˆ
F111¯
F11¯
˙
1
´ 2
27
pF111¯q3
pF11¯q3
´ 1
6
ˆ
F111¯
F11¯
˙
11
.
Formula (5.8) yields that under assumption (5.7) the equation J “ 0 is equivalent
to
(5.9) 9F11111¯pF11¯q2 ´ 45F1111¯F111¯F11¯ ` 40pF111¯q3 “ 0,
which looks remarkably similar to the Monge equation with respect to the first
variable (2.8). We call (5.9) the complex Monge equation with respect to z1.
Remark 5.3. Recall that our proof of the equivalence of conditions (5.7) and the
equation W “ 0 in the tube case given in Lemma 3.1 relied on representation (3.6)
of the solutions of the real homogeneous Monge-Ampe`re equation (2.4), which was
based on change of variables (3.1). This representation was also the key point
of our proof in [I3] of the fact that for tube hypersurfaces equation (5.9) implies
conditions (5.7). As there is no analogue of (3.1) for the complex homogeneous
Monge-Ampe`re equation (5.2), the proofs that worked in the tube case do not
immediately generalize to the rigid one.
Thus, we arrive at a natural class of CR-flat rigid hypersurfaces in C2,1 described
by the system of partial differential equations$’&
’%
the complex Monge equation w.r.t. z1 (5.9),
the complex Monge-Ampe`re equation (5.2),
equations (5.7),
where conditions (5.3) and (5.4) are satisfied. This system may be viewed as a
complex analogue of (1.5).
We will now prove that (5.9) can be integrated three times with respect to z1.
An analogous fact holds for the Monge equations (2.8) and (4.4) (see, e.g., [I2, I3]).
Proposition 5.4. A function F satisfying (5.3) is a solution of (5.9) if and only if
(5.10)
1
pF11¯q 23
“ fpz2, z¯2q|z1|4 ` gpz2, z¯2qz21 z¯1 ` gpz2, z¯2qz1z¯21 ` hpz2, z¯2q|z1|2`
ppz2, z¯2qz21 ` ppz2, z¯2qz¯21 ` qpz2, z¯2qz1 ` qpz2, z¯2qz¯1 ` vpz2, z¯2q,
where f, g, h, p, q, v are smooth functions, with f, h, v being real-valued.
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Proof. Notice thatˆ
9F1111¯
pF11¯q 53
´ 15pF111¯q
2
pF11¯q 83
˙
1
“ 9F11111¯pF11¯q
2 ´ 45F1111¯F111¯F11¯ ` 40pF111¯q3
pF11¯q 113
,
ˆ
9F111¯
pF11¯q 53
˙
1
“ 9F1111¯pF11¯q 53
´ 15pF111¯q
2
pF11¯q 83
,
ˆ
´ 27
2pF11¯q 23
˙
1
“ 9F111¯pF11¯q 53
.
Therefore F is a solution of (5.9) if and only if
(5.11)
1
pF11¯q 23
“ apz¯1, z2, z¯2qz21 ` bpz¯1, z2, z¯2qz1 ` cpz¯1, z2, z¯2q,
where a, b, c are smooth functions. Taking into account that pF11¯q 23 is real-valued,
we see that if F satisfies (5.11) then each of a, b, c is a polynomial in z¯1 of degree
at most 2, thus (5.11) is equivalent to representation (5.10). l
We will now discuss the simplest possible situation, specifically, the case when
in formula (5.10) one has f “ g “ h “ p “ q “ 0. In other words, let
F11¯ “ rpz2, z¯2q
or, equivalently,
F “ rpz2, z¯2q|z1|2 ` spz1, z2, z¯2q ` spz1, z2, z¯2q
for some smooth functions r and s. Finding the germs of all suitable functions F
even in this constrained situation is hard, and we let s be of the form
(5.12) spz1, z2, z¯2q “ tpz2, z¯2qz21
for a smooth function t, so we have
(5.13) F “ rpz2, z¯2q|z1|2 ` tpz2, z¯2qz21 ` tpz2, z¯2qz¯21 .
Condition (5.12) is motivated by the following well-known example of the germ
of a CR-flat rigid hypersurface with the graphing function F as in (5.13), which
was given in [FK, Proposition 4.16] (see also [GM]):
(5.14) Re z3 “ |z1|
2
1´ |z2|2 `
z¯2
2p1´ |z2|2qz
2
1 `
z2
2p1´ |z2|2q z¯
2
1 ,
where we have
(5.15) r “ 1
1´ |z2|2 , t “
z¯2
2p1´ |z2|2q .
Theorem 5.5 below contains more nontrivial examples of this kind.
For a rigid hypersurface with the graphing function F of the form (5.13) the
totality of the Monge-Ampe`re equation (5.2) and conditions (5.3), (5.4) is easily
seen to be equivalent to the following set of relations:
(5.16)
rr22¯ ´ |r2|2 ´ 4|t2¯|2 “ 0,
rt22¯ ´ 2r2t2¯ “ 0,
r ą 0 everywhere,
t2¯ ‰ 0 everywhere.
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We will look for a pair of functions r, t satisfying (5.16) assuming that
(5.17) t2¯ “
r2
2
.
Just like condition (5.12), this relation is motivated by example (5.14) as the func-
tions r, t from (5.15) satisfy it. Clearly, under constraint (5.17) the second equation
in (5.16) trivially holds and the last relation follows from the third one. Thus,
(5.16) turns into
(5.18)
rr22¯ ´ |r2|2 ´ r4 “ 0,
r ą 0 everywhere.
Set f :“ ln r. By (5.18) the function f satisfies
f22¯ “ e2f ,
or
(5.19) ∆f “ 4e2f .
Equation (5.19) has many solutions, which are related to conformal metrics of
constant negative curvature (see, e.g., [KR]). By formulas (5.13), (5.17) every
solution yields an example of the germ of a CR-flat rigid hypersurface in the class
C2,1. Thus, we see that even under constraints (5.7), (5.13), (5.17) there are a large
number of examples, and it is not clear whether they all can be found up to rigid
equivalence.
We will now introduce a further assumption on the function F by letting
(5.20) rpz2, z¯2q “ Rpz2 ` z¯2q
for some smooth positive function of one variable Rpxq defined near the origin.
Just like (5.7), this constraint is motivated by the tube case. As shown below,
the introduction of (5.20) makes it possible to come up with an explicit partial
classification.
THEOREM 5.5. The germ of a rigid hypersurface in the class C2,1 with the
graphing function F satisfying (5.7), (5.13), (5.17), (5.20) is rigidly equivalent to
the germ of one of the following:
(i) the tube hypersurface given by an equation of the form
Re z3 “ pz1 ` z¯1q
2
z2 ` z¯2 `D, D ą 0;
(ii) the hypersurface given by an equation of the form
Re z3 “ z
2
1 ` 2
?
D|z1|2|z2 ` 1|2 ` z¯21
1´D|z2 ` 1|4 , 0 ă D ă 1;
(iii) the hypersurface given by an equation of the form
Re z3 “
i
`
eiDpz2 ` 1q2 ´ e´iDpz¯2 ` 1q2
˘ pz21 ` z¯21q ´ 4|z1|2|z2 ` 1|2
eiDpz2 ` 1q2 ` e´iDpz¯2 ` 1q2 , 0 ă D ă pi{2.
Proof. Set g :“ lnR. By (5.18) the function g satisfies
(5.21) g2 “ e2g.
Multiplying both sides of (5.21) by g1 and integrating, we obtain
pg1q2 “ e2g ` C
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for some C P R, hence
g1 “ σ
a
e2g ` C,
with σ “ ˘1. We will now consider three cases.
Case 1. Let C “ 0. Then
Rpxq “ 1´σx`D,
where D is a positive constant, and (5.17) yields
tpz2, z¯2q “ σ
2p´σpz2 ` z¯2q `Dq ` upz2q,
where u is a holomorphic function. By (5.13) we then have
F “ σ
2p´σpz2 ` z¯2q `Dq pz
2
1 ` 2σ|z1|2 ` z¯21q ` 2Repz21upz2qq.
The germ of the rigid hypersurface with the above graphing function is easily seen
to be rigidly equivalent to the germ of the tube hypersurface
Re z3 “ pz1 ` z¯1q
2
z2 ` z¯2 `D,
which is the possibility given by part (i) of the theorem.
Case 2. Let C ą 0. We then have
Rpxq “ 2
?
CDeσ
?
Cx
1´De2σ
?
Cx
,
where 0 ă D ă 1. From (5.17) we thus see
tpz2, z¯2q “ σ
?
C
1´De2σ
?
Cpz2`z¯2q
` upz2q,
where u is a holomorphic function. By (5.13) it follows that
F “ σ
?
C
1´De2σ
?
Cpz2`z¯2q
pz21 ` 2σ
?
Deσ
?
Cpz2`z¯2q|z1|2 ` z¯21q ` 2Repz21upz2qq.
The germ of the rigid hypersurface with this graphing function is rigidly equivalent
to the germ of the hypersurface
Re z3 “ z
2
1 ` 2
?
Dez2`z¯2 |z1|2 ` z¯21
1´De2pz2`z¯2q .
Now, to eliminate the exponential function from the equation, we replace ez2 by
z2 ` 1 and obtain
Re z3 “ z
2
1 ` 2
?
D|z1|2|z2 ` 1|2 ` z¯21
1´D|z2 ` 1|4 ,
which is the possibility given by part (ii).
Case 3. Let C ă 0. Then
Rpxq “
?´C
cospσ?´Cx`Dq ,
where 0 ă D ă pi{2, and (5.17) implies
tpz2, z¯2q “ σ
?´C
2
tanpσ?´Cpz2 ` z¯2q `Dq ` upz2q,
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where u is a holomorphic function. By (5.13) it follows that
F “ σ
?´C
2 cospσ?´Cpz2 ` z¯2q `Dq
ˆ
´
sinpσ
?
´Cpz2 ` z¯2q `Dqpz21 ` z¯21q ` 2σ|z1|2
¯
` 2Repz21upz2qq.
The germ of the rigid hypersurface with the above graphing function is rigidly
equivalent to the germ of the hypersurface
Re z3 “ sinpz2 ` z¯2 `Dqpz
2
1 ` z¯21q ` 2|z1|2
cospz2 ` z¯2 `Dq .
Finally, to eliminate the exponential function from the equation, we replace eiz2 by
z2 ` 1 and obtain
Re z3 “
i
`
eiDpz2 ` 1q2 ´ e´iDpz¯2 ` 1q2
˘ pz21 ` z¯21q ´ 4|z1|2|z2 ` 1|2
eiDpz2 ` 1q2 ` e´iDpz¯2 ` 1q2 ,
which is the possibility given by part (iii). l
Remark 5.6. Despite the fact that constraints (5.7), (5.20) are of “tube type”, the
equations that appear in parts (ii) and (iii) of Theorem 5.5 are not tube equations
and it is not clear whether they can be brought to tube form by transformations of
the kind specified in (5.6).
Theorem 5.5 immediately implies:
Corollary 5.7. The germ of a rigid hypersurface in the class C2,1 with the graphing
function F satisfying (5.7), (5.13), (5.17),(5.20) is rigidly equivalent to the germ of
a hypersurface with rational graphing function.
Remark 5.8. It is probably not realistic to expect that one can find an explicit
classification if the simplifying assumptions (5.7), (5.13), (5.17), (5.20) of Theorem
5.5 are completely dropped. On the other hand, the rationality result stated in
Corollary 5.7 might still hold, and a very interesting open question is whether it
can be established in full generality.
In conclusion, we will investigate another natural situation when r is expressed
via a function of one variable. Namely, instead of (5.20) let us assume that
(5.22) rpz2, z¯2q “ Rp|z2|2q
for some smooth positive function Rpxq defined near the origin. This constraint is
motivated by example (5.14). We have the following result:
Proposition 5.9. The germ of a rigid hypersurface in the class C2,1 with the
graphing function F satisfying (5.7), (5.13), (5.17), (5.22) is rigidly equivalent to
the germ of the hypersurface given by equation (5.14).
Proof. Set g :“ lnR. By (5.18) the function g satisfies
(5.23) g2x` g1 “ e2g,
or, equivalently,
(5.24) pg1xq1 “ e2g.
Multiplying both sides of (5.24) by g1x we obtain
(5.25) ppg1xq2q1 “ pe2gq1x.
Adding up (5.24), (5.25) and integrating, we see
pg1xq2 ` g1x “ e2gx` C
14 ISAEV
for some C P R. By setting x “ 0 in the above equation we observe that C “ 0,
which yields
(5.26) pg1q2x` g1 “ e2g.
Now, the comparison of (5.23) and (5.26) implies
g2 “ pg1q2,
which leads to
(5.27) g “ α´ ln |x`D|
for some α,D P R. By plugging (5.27) into the original equation (5.23), we finally
obtain
gpxq “ β ´ lnp1´ e2βxq
for some β P R.
Then (5.17) yields
tpz2, z¯2q “ e
2β z¯2
2p1´ e2β |z2|2q ` upz2q,
where u is a holomorphic function. By (5.13) it follows that
F “ e
β
1´ e2β|z2|2 |z1|
2 ` e
2β z¯2
2p1´ e2β|z2|2qz
2
1 `
e2βz2
2p1´ e2β |z2|2q z¯
2
1 ` 2Repz21upz2qq.
The germ of the rigid hypersurface with this graphing function is easily seen to be
rigidly equivalent to the germ of the hypersurface defined by equation (5.14). l
We thus see that constraints (5.7), (5.13), (5.17), (5.22) do not lead to any new
examples.
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